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Abstract 

We give a new notion of angle in general metric spaces; more precisely, given a triple a 
points p, q in a metric space {X, d), we introduce the notion of angle cone ^pxq as being 
an interval ^pxq '■= [^pxqj ^pxq]^ where the quantities Z^^^ are defined in terms of the 
distance functions from p and q via a duality construction of differentials and gradients 
holding for locally Lipschitz functions on a general metric space. Our definition in the 
Euclidean plane gives the standard angle between three points and in a Ricmannian 
manifold coincides with the usual angle between the geodesies, if x is not in the cut 
locus of p or q. We show that in general the angle cone is not single valued (even in 
case the metric space is a smooth Riemannian manifold, if x is in the cut locus of p 
or q), but if we endow the metric space with a positive Borel measure m obtaining the 
metric measure space {X, d, m) then under quite general assumptions (which include many 
fundamental examples as Riemannian manifolds, finite dimensional Alexandrov spaces 
with curvature bounded from below, Gromov-Hausdorff limits of Riemannian manifolds 
with Ricci curvature bounded from below, and normed spaces with strictly convex norm), 
fixed p,q ^ X, the angle cone at x is single valued for m-a.e. x ^ X. We prove some 
basic properties of the angle cone (such as the invariance under homotheties of the space) 
and we analyze in detail the case (A, d,m) is a measured-Gromov-Hausdorff limit of a 
sequence of Riemannian manifolds with Ricci curvature bounded from below, showing 
the consistency of our definition with a recent construction of Honda [24] . 
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1 Introduction 

The notion of angle, together with the one of distance (which is directly linked with one of 
length), is at the basis of geometry from both the conceptual and the historical point of view, 
let us just give two fundamental examples. 

• Euclidean geometry: the last two of the five classical postulates of Euclid for plane 
geometry (see the beginning of the first book of the "Elements", pp. 195-202 in [14]), as 
well as the Hilbert's axiomatization of Euclidean geometry (see [21]), are based on the 
notion of angle. 

• Riemannian geometry: in the very first definition of a Ricmannian manifold one assigns 
a scalar product on the tangent spaces, i.e. the length and the angle of tangent vectors. 

The natural framework in which it is meaningful to speak of distance between couples of 
points is given by the class of metric spaces; the goal of this paper is to give a definition of 
angle between three points in a metric space in terms just of the distance. 

Some early attempts to give a definition of angle between three points in a metric space 
go back to the work of Wilson [33] in the 30's (sec also [32]); the drawback of this approach is 
that the definition was given under very particular convexity and embeddability assumptions 
(satisfied in linear spaces but, for instance, what Wilson called "the four point property" is at 
the base of his definition and does not hold for the round sphere S'^ C M^). 

In what are now known as Alexandrov spaces (these arc metric spaces satisfying curvature 
assumptions, which in case of smooth Riemannian manifolds correspond to upper or lower 
bounds on the sectional curvature; there is a huge literature about this argument, the in- 
terested reader may see [9]), Alexandrov was able to define the angle between two geodesies 
matching at a point as follows: let 71,72 be unit speed geodesies^ such that 71 (0) = 72(0), 
then he set 



the crucial observation being that the curvature bounds ensure the existence of the limit above 
(fact which may not be true in a general metric space), hence the definition makes sense. 

To conclude the brief historical overview, recently, Honda [24] proved that the definition 
of angle (1.1) can be suitably adapted to the case the metric space is a Gromov-Hausdorff 
limit of a sequence of Riemannian manifolds with Ricci curvature bounded from below (the 
theory of such spaces was started by Cheeger and Colding [11]). 

Let us stress that our new definition holds in general metric spaces and no curvature 
assumption is needed. 

Our idea for defining the angle between three points in a metric space is to use the distance 
functions and to adapt the duality between differentials and gradients introduced by Gigli in 
[15]. Let us start with an example in the smooth case. 

Example 1.1 (The angle between three points in a Riemannian manifold). Let {M^,g) be 
a smooth n-dimensional Riemannian manifold and fix p, g G M. The goal is to define, for 
X £ M, the angle Zpxq between p and g at x in terms of the distance functions rp(-) := d{p, •) 
and rq(-) := d{q, •), where d(-, •) is the distance induced by the Riemannian metric. 

^in our terminology the geodesies are length minimizing by definition, see (2.1) 




(1.1) 



2 



Called Cp the cut locus of the point p, notice that the distance function is smooth 
on AI \ {Cp U {p}) and moreover there is a unique unit speed geodesic^ from x to p, for 
X £ M \ {CpU {p}); hence, for x £ M \ {CpLI CgU {p, q}) we can set 

^pxq •■= arccos [gx{Vrp{x),Vrq{x))] = arccos [9x{ixp{0),'ixq{0))] = Alxp, Ixq), (1-2) 

where Vrp{x) is the gradient of the distance function Vp computed at the point x, and ^xp 

(resp. ^xq) is the unique unit speed geodesic from x to p (resp. from x to q). Observe that in 
the case of the euclidean plane M^, the definition (1.2) gives the usual angle between p and q 
at X. 

Recall that in general the cut locus is non empty (for instance if M is compact the cut 
locus is never empty), but it has null measure with respect to the n-dimensional Riemannian 
volume measure (more precisely it is (n — l)-rectifiable, see for instance [27]), therefore (1.2) 
does not hold in general for every x G M: indeed if x G CpUC^ then the distance functions are 
no more differentiable, there can be more geodesic connecting x to p or g, hence definition (1.2) 
is no more well posed. Nevertheless we can at least define a notion of "angle cone" between p 
and gr at a; as being the interval /pxq := {■^pxq^ ^pxq\ where 

Z+^g = sup{Z{^xp,7xq) ■ lxp,lxq are unit speed geod. from x to p and q resp.} (1.3) 
Zp^g = inf{Z(7^p,7-rq) : ^xp.lxq are unit speed geod. from x to p and q resp.}. (1.4) 

Summarizing, fixed p,q E M, for every x G M we can define an angle cone Zpxq between p 
and q at X, moreover for a.e. x G M the angle cone is single valued and we can speak of angle 
between p and q at x. ■ 

Our approach for defining the angle between three points in a general metric space is to 
suitably understand the term 5'a;(Vrp(x), Vrg(x)) in (1.2). Notice that in a general metric 
space we do not have notions of differential and gradient of a Lipschitz function (which require 
a tangent space structure for having a meaning), we have just the local Lipschitz constant 
(called also slope, the standard definition being (2.2)) which can be read as "the modulus 
of the differential". The point is that, given two locally Lipschitz functions / and g on the 
metric space {X,d), the local Lipschitz constant is enough in order to define "the differential 
of g acting on the gradient of /" ; since such an object can be multivalued even in normed 
spaces if the norm is not strictly convex (see the discussion in the introduction of [15]), what 
is actually meaningful is to define "the differential of g acting on the gradient of /"as an 
interval [D~ g{V f), g{V f)]. This strategy is strongly inspired from a recent work of Gigli 
[15] (done in the different framework of weak upper gradients of Sobolev functions) and it is 
described in Subsection 2.1, in particular see Definition 2.1. 

With this tool in our hands and inspired by the smooth case (1.2)-(1.3)-(1.4), in Subsection 
2.2 we define the angle cone of a triple of points p,x,q e X in the metric space {X, d) as the 
interval Zp^q := [Z'^g, Z+,q] where 

^pxq ■= aTccos[D+rp{Vrq){x)], Z+^g := arccos[L>"rp(Vrg)(x)], 

being Vp := d{p, ■) and := d{q, ■) the distance functions from p and q; see Definition 2.3 and 
the discussion before it. The relation with the smooth case is discussed in Example 2.5. In 
general we cannot expect the angle cone to be single valued since, as explained in Example 
1.1, already in the smooth framework this may not be the case. There are at least two reasons 
for this non uniqueness behavior: 
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• X is in the cut locus of p or q, see Example 2.6. 

• Potential lack of strict convexity of the space (X, d), see Example 2.7. 
In Subsection 2.3 wc prove two fundamental properties of the angle cone: 

• li p = q then the angle cone is single valued: for every x € X it holds Zpxp = {^pxp}- 
If moreover (X, d) is a length space then for every p,x & X we have Zpxp = {0}. See 
Proposition 2.9 and Remark 2.10. 

• The angle cone is invariant under homotheties, i.e. rescaling of the distance function 
by a positive constant. See Proposition 2.11. 

Let us also remark that, in a general metric space, we cannot expect the angle Zpxp to be 
symmetric in p and q. Indeed, already in a smooth Finsler manifold, the symmetry holds if and 
only if the manifold is actually Riemannian (see for instance the discussion in [16]-Appendix 
B). 

After this first part on general metric spaces, in Section 3 we consider the case of metric 
measure spaces, i.e. metric spaces endowed with a positive Borel measure m; see (3.1) for the 
precise definition. 

In Example 1.1 we saw that, already in the smooth case, fixed p,q G M, the best we can hope 
for in general is that the angle cone Zpxq is single valued for a.e. x G X. In Section 3 we will 
see that in a large class of metric measure spaces, namely the Lipschitz-infinitesimally strictly 
convex and the Lipschitz-infinitesimally Hilbertian ones (see Definition 3.1 and Remarks 3.2- 
3.3), it is still the case: fixed p,q € X the angle cone Zpxq is single valued for m-a.e. x £ X 
(sec Theorem 3.5). Moreover, in the Lipschitz-infinitesimally Hilbertian spaces, the angle 
^pxq is symmetric in p and q, for m-a.e. x e X and every p,q e X (see Theorem 3.5). 
This class of spaces includes many interesting examples: smooth Riemannian manifolds, 
finite dimensional Alexandrov spaces with curvature bounded from below, Gromov-Hausdorff 
limits of Riemannian manifolds with Ricci curvature bounded from below (for more details 
see Remark 3.4). 

Finally, in Subsection 3.2, we analyze the case the metric measure space (X, d,m) is a 
Gromov-Hausdorff limit of a sequence of Riemannian manifolds with Ricci curvature bounded 
below. In this framework, suitably adapting Alexandrov's formula for the angles (1.1), Honda 
[24] defined the angle between a.e. triple of points. More precisely, fixed g G X, for m-a.e. 
X G X he defined a unique angle Z{p, x, q) between p and g at x as the angle formed by the 
geodesies from p and q to x. It is essential to observe that the construction of Honda holds 
just for m-a.e. x G X; indeed Colding and Naber (see Theorem 1.2 and 1.3 in [12]) gave an 
example of a pointed limit space (X, d,m, x) (which is even a non collapsed limit space such 
that every point is regular, i.e. the unique tangent cone is a euclidean space) such that for 
every couple of geodesies 71,72 beginning at x and every 9 G [0,7r] there exists a sequence 
ti \.0 such that 

In Theorem 3.13 we prove that for every fixed p,q e X, the construction of the angle of 
Honda coincides with our definition m-a.e.: 

Zpxq = {Z(p,X,g)} 
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for m-a.e. x E X. In order to prove the angles equivalence Theorem 3.13, in Lemma 3.7, we 
show the m-a.c. equivalence of the infinitesimal Hilbcrtian structures of the limit spaces in 
the sense of Chccgcr-Colding [11] and in the sense of Definition 3.1. 

Acknowledgment. The author acknowledges the support of the ERC ADG GeMeThNES. 
He wishes to express his deep gratitude to Luigi Ambrosio for inspiring discussions on metric 
spaces and to Nicola Gigli for his comments on the final manuscript. 



2 A notion of angle cone in general metric spaces 
2.1 Preliminciries and notations 

In this fist part of the paper {X, d) is a general metric space, later in the paper we will assume 
more structure; the open ball of center x e X and radius r > is denoted with Br{x). 
Given two points xq, xi £ X, a continuous curve 7 : [0, 1] — t- X satisfying 7(0) = xq, 7(1) = xi 
is said to be a (constant speed, length minimizing) geodesic if 

d(7(s),7(i)) = |i-s|d(7(0),7(l)) Vs,iG[0,l]. (2.1) 

We say that {X, d) is a geodesic space if every pair of points xq,xi G X is joined by a geodesic; 
more generally we say that {X,d) is a length space if for every pair of points .xo,xi G X the 
infimum of the lengths of continuous curves joining xq to xi is equal to d(xo,a;i). 

The space of real valued Lipschitz functions on {X,6) is denoted with LIP(X). For a 
function f : X U. the slope, also called local Lipschitz constant, \Df\ : X — >■ [0, +00] is 
defined by 

\f(y) - f(x)\ 

\Df\{xo) := limsup — if xq is not isolated, otherwise. (2.2) 

y^x a(y,x) 

For /, 5 : A — )• M it is easy to check that 

\D{af + (3g)\ < \a\\Df\ + \(3\\Dg\ Va,/3GM, (2.3) 

\D{fg)\ < I/I |I)<7l + bl 1^/1- (2.4) 

Fixed f,g:X^M, observe that (2.3) implies the convexity of the map e 1— )■ \D{g + sf)\: 

\D{g + {Xeo + (1 - A)£i)/)| < X\D{g + eof)\ + (1 - \)\D{g + £i/)|, (2.5) 

for any A G [0, 1], eQ,ei G M. 

As noticed by N. Gigli (see Section 3.1 in [15]; see also [17]) in the slightly different 
framework of weak upper gradients, the convexity property (2.5) is the key for defining the 
duality Df{Vg) between the differential of / and the gradient of g (notice that in a metric 
space there is no notion of differential or gradient since the notion of tangent vector space is 
missing; we have just a notion of "modulus of the differential of a function" , the point is to 
exploit just this concept in order to define "the differential of / acting on the gradient of y"). 
The idea is the following: notice that if : M ^ R+ is a convex function, the values of 

li^i,f ^(^)^-^(Q)^ limsup^^f)^^^ 

are independent of p G (1, +00), and equal to ip{0)ip'{0'^), ip{0)(p'{0~) respectively, as soon as 
(p{0) ^ 0. The convexity also grants that the limits exist and can be substituted by inf£>o 
and supg^Q, respectively. Therefore we can give the following definition. 



5 



Definition 2.1 {D^fCVg)). Let {X,d) be a metric space and f,g : X with finite slopes 
\Df\, \Dg\ : X [0,+oo). The functions D^f{Vg) : X ^ M are defined by 

on {\Dg\ 7^ 0}, and are taken 6j/ definition on {\Dg\ = 0}. 

We remark that the definition of D^f{Vg) is pointwise while the analogous objects defined 
in [15] and [17] using weak upper gradients were defined ahnost everywhere with respect to a 
reference measure (this was unavoidable since already the weak upper gradient is an object 
defined almost everywhere). Fixed a point xq G X, notice that for the definitions (2.6) and 
(2.7) of f {y g){xQ) to make sense, it is sufficient that \Df\ and \Dg\ are finite just at the 
point xq. 

Remark 2.2. Thanks to the discussion before Definition (2.1), it is clear that for every 
p G (1, oo) we can equivalently set 

Moreover the limits in the definitions exist and can be substituted by inf£>o (sup^^g respec- 
tively ■ 

Notice that the inequality \D{g + £/)| < ID^I + |D/| yields 

\D^f{Vg)\ < \Df\ \Dg\, (2.10) 

and in particular if /, g are Lipschitz (resp. locally Lipschitz) then D^f{\/g) is bounded 
(resp. locally bounded). Moreover, the convexity of / \D{g + /)P gives 

D-f{Vg) < D+fiVg). (2.11) 

Also, from the definition it directly follows that 

D^{-f){Vg) = D^f{Vi-g)), D^{-f){Vg) = -D^f{Vg), (2.12) 

and that 

D^g{Vg) = \Dg\\ (2.13) 

2.2 The definition of angle cone and some examples 

Given a metric space {X, d) and two points p,q & X, consider the distance functions 

rp{-):=d{p,-), r,{-):=d{q,-). (2.14) 
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Since both rp and Vq are 1-Lipschitz on X, recalling Definition 2.1, for every x E X we can 
define 

:= D+rp{Vrg){x), c;,^ := D~rp{Vrg){x). (2.15) 

The estimate (2.10) ensures that ci^xq-.'^'pxq ^ 1]) hence, as the function arccos : [—1, 1] — >■ 
[0, vr] is strictly decreasing, it makes sense to set 

^pxq '•~ ^^^^^^ (^pxqi '^pxq '■~ S'l'CCOS Cpj-^, , (2.16) 

and to define the angle cone between p,x,q as follows. 

Definition 2.3. Let (X, d) be a metric space and consider a triple {p,x,q) G X^. The angle 
cone of {p,x,q), denoted with Zpxq, is the interval 

/pxq:= C [0,7r], (2.17) 

where Z~^g,Z^^g are defined above in (2.16). 

Remark 2.4. The case x = p or x = q is degenerate. Since the geometrically interesting 
case is X ^ p, q, we will always make this assumption in the rest of the paper. ■ 

In order to get familiar with the definition, let us discuss immediately some examples 
which also show that this notion of angle cone formalizes what the intuition suggests. 

Example 2.5 (In a Riemannian manifold the angle is single valued outside the cut locus). 

Given a Riemannian n-manifold {M^\g) and p.x.q G M such that x ^ p,q is not in the 
cut locus of p and q, it is clear that the distance functions rp := d(p, •) and := d(g, •) are 
smooth in a neighborhood of x and it is easy to check that 

cos(Zp^q) = cos(Z+^g) = gx{Vrp{x), Vrq{x)), (2.18) 

Vrp{x),Vrq{x) being the gradients of r^, evaluated at x. Since the cut locus has null mea- 
sure with respect to the Riemannian volume measure (more precisely it is {n — 1) rectifiable, 
see [27]), it follows that given p,q G X the angle between p,q and x is single valued for 
a.e.-x G M and his value is given by (2.18). 

Observe that if (M, g) is a complete, simply connected Riemannian manifold with non 
positive sectional curvature (i.e. {M,g) is an Hadamard manifold), then by Hadamard The- 
orem (see for instance Theorem 3.1 in [13]) the cut locus of every point is empty; therefore 
in this case the angle of any triple of points p,x,q e M is single valued and given by formula 
(2.18). ■ 

As sketched intuitively in the Introduction, in general the angle between three points can 
be multivalued even in the case the metric space (X, d) is a smooth Riemannian manifold, if 
X is in the cut locus of p or q. Now, thanks to the introduced concept of angle cone, we can 
make rigorous this intuition. 

Example 2.6 (Non uniqueness of the angle caused by the cut locus). Let iX,di) be the 
standard 2-dimensional sphere S'^ of unit radius centered in the origin of with the distance 
induced by the usual round Riemannian metric. Let x = (0, 0, 1) be the north pole, q = 
(0,0,-1) be the south pole and p = (1,0,0). Since x is in the cut locus of g, it is natural 
to expect that the angle between p, x, q is not single valued; more precisely, since any half 
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great circle joining x and g is a length minimizing geodesic and since the gradient of is 
the tangent vector to the minimizing geodesic, then intuitively all the tangent space T^S"^ is 
spanned by the different gradients of Vg coming from all the different minimizing geodesies. 
Therefore it is natural to expect that any angle is in the angle cone of pxq. 

Using the introduced notions we can easily make rigorous this intuition: a straightforward 
computation using just the definition of slope (2.2) and Definition 2.1 yields (for computing 
the first quantity consider variations in the direction from x towards p, for the second one 
consider variations in the opposite direction) 

D+rp{Vrg) = 1, D-rp{Vrg) = -1; 

hence definitions (2.16) and (2.17) give that the angle cone /pxq coincides with [0,7r], con- 
firming the intuition. ■ 

The second cause for the non uniqueness of the angle is the potential lack of strict convexity 
of the space, this is best understood with an example. 

Example 2.7 (Non uniqueness of the angle caused by the non strict convexity of the norm). 

Let {X, d) be M? endowed with the L°° norm on its coordinates and take p = (1,0), q = (0, 1) 
and x = (1, 1). Notice that any vector of the form (vi, 1), vi G [—1, 1], can be called gradient 
of rp at X. Indeed all of them have unit norm and the derivative of Vp at x along any of them is 
1, 1 being also the dual norm of the differential of rp. Analogously, all the vectors of the form 
(1,^2), ^2 £ [—1) 1]; can be called gradient of Vg at x. Taking the (euclidean) angles between 
all the possible pairs (i;i, 1), (1, ^2) with vi,V2 G [—1,1], we span all the interval [0,7r]; it is 
therefore natural to expect that the angle cone /pxq is the whole [0,7r]. 

This is confirmed by a straightforward computation: taking variations in the direction of 
the vector (1, 1), respectively (1,-1), we obtain using just the definition of slope (2.2) and 
Definition 2.1 that 

D+VpiVrg) = 1, D-rp{Vrg) = -1; 

hence definitions (2.16) and (2.17) give that the angle cone /pxq coincides with [0, vr] con- 
firming the intuition. ■ 

Since in both the examples the angle cone is completely degenerate, i.e. it is the whole 
[0,7r], it is a natural question if this is always case when non uniqueness occurs. This is false 
in both the situations, i.e. non uniqueness by cut locus and non uniqueness by lack of strict 
convexity. In case of Example 2.6 it is enough to replace the whole sphere by a sector 
containing p = (1, 0, 0) delimited by two half great circles having x = (0,0,1), q = (0, 0, —1) 
as endpoints; in this case the angle cone depends on the amplitude and on the position of 
the sector with respect to p = (1,0,0). In case of Example 2.7, keeping fixed p = (1,0) and 
q = (0, 1) and varying x G it is easy to see that also the angle cone varies. 

2.3 Some properties of the angle cone 

In this subsection we prove two basic properties of the angle cone: the first says that for every 
p,x G X, the angle cone /pxp is single valued, and if moreover (-^, d) is a length space then 
the angle is actually null; the second says that the angle cone is invariant under homotheties 
of the metric. In order to prove the first property we need a lemma concerning the following 
property of length spaces: while in a general metric space, using the triangle inequality in 
the definition of slope (2.2), one has just \Drp\ < 1, in length spaces actually it holds has 
\Drp\ = 1. 
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Lemma 2.8. Let (-^, d) be a metric space, fix p E X and consider rp(-) := 6{p, •). Then 



\Drp\ < 1 on X. 



In case {X, d) is a length space, then 

\Drp\ = 1 on X. 

Proof. The first part of the lemma is a straightforward application of the triangle inequality 
in the definition (2.2) of the slope. 

Let us first give the proof of the second claim in the easy case when {X, d) is a geodesic 
space; the idea in the more general case of length spaces is the same, the technique being a 
bit more involved. Let 7 : [0, 1] — ;> X be a length minimizing geodesic from p to x, then 

in 1/ ^ r \d{p,x) - dip,y)\ ^ \dip,x) - d{p,j{t))\ d{x,j{t)) 
\Drp\{x) = hmsup — ^ > limsup — = limsup — = 1, 

y^x d(x,7/) t^i d(x,7(t)) t^i d(x,7(t)) 

where the first equality is just the definition of slope (2.2) applied to the function rp(-) := 
d(p, •), the inequality comes from the fact that by construction limt_j.i7(i) = x, and finally 
we used that every segment of a length minimizing geodesic minimizes the length. Hence, in 
this case, |£)rp|(a:) = 1. 

Now we prove the lemma in case (^, d) is a length space. Let 7^ G C([0, 1],X) be such 
that 7n(0) = p, 7„(1) = X and length(7„) < d{p,x) + ^. Then 

in u\ 1- \^iP,x) -d{p,y)\ |d(p,a;) - d(p,7„(t))| 
Drp \{x) := lim sup — > hm sup hm sup f. -—■ 

y-^x d{x,y) n^oo t->l d{x,Jn{t)) 

= lim lim Id(;>,^) -d(p,7n,(t,.))|. ^^.19) 

fc^ooi^oo d{x,'ynt:{ti,k)) 

where, in the last equality we chose sequences (n^) and (t j.fc) realizing the lim sups. Now let 
us choose a subsequence ik such that for every k the following hold: 

d{x,^n,{ti„k)) < (2.20) 



|d(p,a;) -d(p,7„^(ti,fc))|^ \d{p,x) - d{p,jnk{iik,k))\ ^ 1 



d{x,JnkiU,k)) J d{x,Jnk{tik,k)) flk' 

Therefore we can write (2.19) as 

\Drp\{x) > lim Id(p,x) -d(p 7n,(t.„.))| 

fc^oo d{x,-fnk{tik,k)) 

length(7nJ-;^-length(7„,| ) 
> limsup — (2.21) 

where, in the last estimate, we used that by construction d{p,x) > length(7„^,) — and the 
trivial inequality d{p,jnk{^ik,k)) ^ length (7„j^, | ^ j). To conclude, observe that 

length(7„J - length(7„,| ) = length(7„,| ) > d(7„, (ii,,^), x); 
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which, plugged in (2.21) together with (2.20), gives 

\Dr,\{x) > hmsup " ^ > 1 - lim ^ = 1. 



□ 



Proposition 2.9 (In length spaces Zpxp = {0}). Let {X,d) be a metric space. Then for any 
p,x £ X the angle cone Zpxp reduces to a single angle: Zpxp = {0} C [0, tt] . // moreover 
{X,d) is a length space then Zpxp = {0} 

Proof. Recalling the definition of c^^g in (2.15) and the property (2.13), we have 

^pxp ~ ^pxp ~ l-^'^pl (^)- (2.22) 

By Lemma 2.8, if {X,d) is a general metric space one has just \Drp\ < 1; but if (-'^, d) is a 
length space then \Drp\{x) = 1. The conclusion follows recalling that from the definition of 
angle cone (2.17) (see also (2.16)) one has 

^pxp = {arccos( I i:'rpp(x))}. 

□ 

Remark 2.10. Proposition 2.9 suggests that the natural class of metric spaces for which our 
definition of angle cone has a geometric relevance are the length spaces. ■ 

A desirable property of the angles is the invariance under homothety, i.e. under constant 
rescaling of the metric; this is the content of the next proposition. 

Proposition 2.11 (Invariance of the angle cone under constant rescaling of the metric). Let 

{X, d) be a metric space, fix X > and consider the new metric dx{-, •) := Ad(-, •) on X. Then 
for every triple of points p,q,x £ X, the angle cones evaluated with respect the two different 
metrics d(-, •) and d\{-, •) coincide: 

Z - Z^ 

^pxq — ^pxq) 

where Zp^q is the angle cone of the triple {p,x,q) G X""' computed in the metric space {X,dx). 

Proof. Called rp{-) := dx{p, •) and \Drp\x the slope of Tp in the metric space {X,dx), directly 
from the definition of slope (2.2), for any x € X we get 

inAi.x |r^(x) - r^{y)\ X\rp{x) - rp{y)\ 

\Drp\x[x) = hmsup ^ i{ = hmsup ' ^ ^ = \Drp\{x). 

y-^x dx{x,y) y-^x Xd{x,y) 

Since the definition of angle cone (2.17) (recall also Definition 2.1, (2.15) and (2.16)) involves 
just the slopes of r-p,rq, and rp,rq respectively, the conclusion follows. □ 
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3 The notion of angle in metric measure spaces 



Let us start this section by some motivations coming from the smooth case. Let (M,g) be 
a smooth Riemannian manifold and p,x,q G M, let us denote with Cp,Cq C M the cut loci 
of p and q respectively and with the Riemannian volume measure associated to g. As 
discussed in the previous examples 2.5 and 2.6 the following holds: 

• if X ^ {Cp UCqU {p, q}) then the angle cone ^pxq is single valued, 

• if X G Cp U Cq we cannot expect the angle cone ^pxq to be single valued, 

• mgiCpUCgU{p,q}) =0. 

Therefore, fixed p and q in M, the best we can expect is that the angle cone ^pxq is single 
valued for a.e. x G M. 

This observation suggests that, for studying the uniqueness of the angle among three 
points, it is natural to endow the metric space {X, d) with a measure m, obtaining the metric 
measure space, m.m.s. space for short, (X, d,m). In this section we will always assume that 

(X, d) is a complete separable metric space and 
m is a Borel locally finite non negative measure on X with supp m = X, 

where by local finiteness we mean that for every x G X there exists a neighborhood Ux of x 
such that m{Ux) < oo, and suppm denotes the smallest closed subset where m is concentrated. 
Notice that the assumption suppm = X can be always fulfilled by replacing X with suppm, 
but we make it in order to simplify some statements in the sequel. 

The measure m is said to be doubling if for some constant C > it holds 

m{B2r{x)) < Cm{Brix)), Vx G X, r > 0. (3.2) 

Let pq > 1. We say that (X,d,m) supports a weak local (l,|)o)-Poincare inequality (or more 
briefly a po-Poincare inequality) if there exist constants Cpj and A > 1 such that for all 
X e X, r > and Lipschitz functions f : X ^Rit holds 

-T^TT^ I 1^ - dm < Cpi 2t I -t^V^ / \Dfr dm ] ™ , (3.3) 

where fBr(x) •= m{B {x)) Sb (x) / dm. Notice that typically the Poincare inequality is required 
to hold for integrable functions / and upper gradients G (see for instance Definition 4.1 in [8]), 
rather than for Lipschitz functions and their slope. Since the slope is an upper gradient, it is 
obvious that the second formulation implies the one we gave, but also the converse implication 
holds, as a consequence of the density in energy of Lipschitz functions in the Sobolev spaces 
proved in [7] for the case po > 1 and in [3] for po = 1. Therefore the definition we chose 
is equivalent to the standard one. Let us remark that this equivalence was proven earlier 
in [20] for proper, quasiconvex and doubling metric measure spaces, while in [25] (choosing 
X = M" \ £' for suitable compact sets E) it is proven that completeness of the space cannot 
be dropped. 
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3.1 The Ccise of infinitesimally strictly convex and infinitesimally Hilber- 
tian spaces 

The notions of infinitesimally strictly convex and infinitesimally Hilhertian m.m.s. have been 
introduced in [15] and [6] respectively (see also [4], [5] and [17]) in the framework of weak 
upper gradients, here we give a more elementary definition involving just the slope of Lipschitz 
functions. In doubling m.m.s. satisfying a po-Poincare inequality, for some po € (1)2), our 
definitions in terms of the slope are equivalent to the corresponding ones in terms of the weak 
upper gradients; for a discussion see Remark 3.3. In order not to create ambiguity in literature, 
we call Lipschitz-infinitesimally strictly convex and Lipschitz-infinitesimally Hilbertian the 
notions in terms of the slope; the precise definition follows. 

Definition 3.1. Let (X, d,m) he a m.m.s. as in (3.1). 

• We say that (X, d,m) is Lipschitz-infinitesimally strictly convex if for every f,g & 
LIP(X) it holds 

D+f{Vg) = D~f{Vg) m-a.e. in X. (3.4) 
the objects D^f{Vg) being defined in (2.1). 

• (X, d,m) is said Lipschitz-infinitesimally Hilbertian if for every f,g^ LIP(X) it holds 

D+f{Vg) = D-f{Vg) = D- g{V f) = D+g{Vf) m-a.e. in X; (3.5) 
in this case the common value above is denoted with V/ • V^. 

Notice that, in particular, Lipschitz-infinitesimally Hilbertian spaces are Lipschitz-infinitesimally 
strictly convex. Observe also that from inequality (2.11) it follows that the m-a.e. equality 
(3.6) is equivalent to the integral inequality 

J {D+f{Vg) - D-f{Vg)) dm < 0. (3.6) 

Remark 3.2 (A condition equivalent to Lipschitz-Inf. Hilbertianity). Following the argu- 
ments in the proof of Proposition 4.20 in [15] (which in turns is an adaptation of Section 4.3 
of [6]) it is not difficult to see that (X, d,m) is Lipschitz-infinitesimally Hilbertian if and only 
if the map f \Df\'^ dm from {/ G LIP(X) : \Df\ G L'^{X, m)} to M+ is quadratic, which 

in turn is equivalent to ask that such a map satisfies the parallelogram identity. ■ 

The following remark was suggested by Luigi Ambrosio and Nicola Gigli, let me express 
my gratitude to them. 

Remark 3.3 (Relationship with the notions of inf. strict convexity and inf. Hilbertianity 
already present in literature). As mentioned above, the notions of infinitesimally strictly 
convex and infinitesimally Hilbertian m.m.s. have been introduced in [15] and [6] respectively, 
using the language of weak upper gradients; the definition we propose here involves just the 
more elementary concept of slope of a Lipschitz function. Here we briefly comment on the 
relationship between the two approaches; we are not introducing all the terminology in order 
to keep the presentation short, the interested reader is referred to the aforementioned papers. 

Inf. Ilillicrtianity. For a general m.m.s. space (X, d,m) as in (3.1), our definition of 
Lipschitz-infinitesimal Hilbertianity is slightly stronger than the corresponding one in [6]- 
[15] in terms of weak upper gradients. This is because the two definitions are equivalent to 
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ask that the squared m) norm of the slope (resp. of the weak upper gradient), called 

Cheeger energy, satisfy the parallelogram identity (see Remark 3.2 above. Definition 4.18 and 
Proposition 4.20 in [15]). Since the Cheeger energy in terms of weak upper gradients is the 
LP'{X, m)-lower semicontinuous relaxation of the corresponding one in terms of the slopes (see 
Section 4 in [5]), it is not difficult to see that the parallelogram identity at the level of slopes 
passes to the limit to the level of weak upper gradients. Then our definition using slopes 
implies the one in terms of weak upper gradients. 

The converse implication in general is not clear, but in case (X, d, m) is a doubling m.m.s. 
space as in (3.1), (3.2) satisfying a po-Poincare inequality (3.3) for some pq € (1,2), then 
the definitions are equivalent. This is a straightforward consequence of a celebrated result 
of Cheeger (Theorem 6.1 in [10], sec also Theorem A. 7 in [8] and the recent revisitation of 
this part Cheeger 's paper given in [1]) telling that, for locally Lipschitz functions, the slope 
coincides with the weak upper gradient m-a.e.. 

Inf. strict convexity. In case (X, d,m) is a doubling m.m.s. satisfying a po-Poincare in- 
equality, pq G (1,2), for the same argument above the definition in terms of weak upper 
gradients implies our definition in terms of slope of Lipschitz functions; the converse implica- 
tion, again in doubling&Poincare spaces, follows by the aforementioned Theorem of Cheeger 
together with the Lusin approximation of Sobolev functions via locally Lipschitz functions 
(for the proof see for instance Theorem 5.1 in [8]; see also Theorem 2.5 in [17] for the precise 
statement we are referring to). Both the implications are open in general m.m.s.. 

Recall that measured-Gromov-Hausdorff limits of Riemannian manifolds with Ricci cur- 
vature bounded from below, and more generally the metric spaces satisfying the Curvature 
Dimension condition CD{K, N) for some if G M, A?^ G R"*", satisfy the aforementioned doubling 
and Poincare conditions on bounded subsets (see [11], Corollary 2.4 in [31] and Theorem 1.2 in 
[30]); hence on such spaces, the definition of infinitesimal strict convexity and of infinitesimal 
Hilbertianity in terms of the slope of Lipschitz functions is equivalent to the corresponding 
one in terms of weak upper gradients. I 

Remark 3.4 (Relevant examples of Lipschitz-inf. strictly convex and Lipschitz-inf. Hilber- 
tian spaces). Many important classes of metric spaces are Lipschitz-inf. strictly convex or 
Lipschitz-inf. Hilbertian: 

• Smooth Riemannian manifolds are Lipschitz-infinitesimally Hilbertian. 

• In [26], using key results of [28] and [29] it has been proved that finite dimensional 
Alexandrov spaces with curvature bounded from below are Lipschitz-infinitesimally 
Hilbertian. 

• Measured Gromov-Hausdorff limits of Riemannian manifolds with Ricci curvature bounded 
from below are Lipschitz-infinitesimally Hilbertian, see Section 6.3 in [6] and [18] for a 
deeper discussion on stability issues. 

• In case of normed spaces, Lipschitz-infinitesimal strict convexity is equivalent to strict 
convexity of the norm, which in turn is equivalent to the differentiability of the dual 
norm in the cotangent space. 
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The following theorem is a direct consequence of the definition of angle cone (2.17) which 
in turn is given by (2.15) and (2.16), and of Definition 3.1. 

Theorem 3.5. Let (X, d,m) be a m.m.s. as in (3.1), and letp,q G X. 

//(X, d,m) is Lipschitz-infinitesimally strictly convex then, form-a.e. x E X, the angles 
Zpxq and Zqxp are single valued; i.e. 

If moreover {X,6,m) is Lipschitz-infinitesimally Hilbertian then, form-a.e. x E X, not 
only the angles Zpxq and Zqxp are single valued but they also coincide; i.e. 

^pxq — {^pxq} — i^^qxp} ~ ^qxp- 

3.2 The case {X, d, m) is a measured- Gromov-HausdorfF limit of Riemannian 
manifolds with Ricci curvature bounded from below 

In [24] , Honda gave a definition of angle on a Gromov-Hausdorff' limit space of a sequence of 
complete n-dimensional Riemannian manifolds with a lower Ricci curvature bound and used 
that notion to introduce a weak second order differentiable structure on such spaces. The 
goal of the present subsection is to briefly recall the construction of Honda and to prove the 
equivalence almost everywhere with our definition. 

Throughout this subsection, (X, d, m, x) is a m.m.s. as in (3.1) which moreover is a pointed 
measured-Gromov-Hausdorff limit space of a sequence of pointed complete n-dimensional 
Riemannian manifolds {{Mi, gi,Xi)}i^fi with Ric(jv^. g.) > — (n — 1). One of the main results 
in [23] and [24] is the following theorem. 

Theorem 3.6 (Theorem 1.2 in [24] and Theorem 3.2 in [23]). Let p,q G X \ {x} with 
X ^ CpU Cq. Then one can define the angle Z(j), x, q) between p and q at x as 

cos{Z{p,x,q)) := ji^^ , (3.7) 

for any unit speed geodesic 'jx^p from x to p and 7^,5 from x to q, where Cp is the cut locus of 

p defined by Cp := {x £ X : d{p,x) + d{x,z) > d(p, 2) for every z £ X \ {x}}. 

Moreover, the measure of the cut locus of any point of X is null with respect to any limit 

measure m, therefore m{Cp U Cg) = and the angle Z{p,x,q) is well defined for m-a.e. 

xeX\{p,q}. 

Notice that the definition of angle (3.7) between p and g at x is inspired by the corre- 
sponding notion in Alexandrov spaces (1.1) discussed in the Introduction, but a priori (3.7) 

is slightly weaker since Alexandrov definition asks that the joint limit for s,t — )■ exists. 

Honda also proved (see Corollary 4.2 in [24]) that for p,q £ X and x G X\{CpL)CqU{p, q}) 
the limit 

..... ^ / 

exists and, by using the Splitting Theorem, he shows that (see Theorem 4.3 in [24]) 

cos{Z{p,x,q)) = lim .j} [ < drp, drq > dm, (3.8) 

r^O m{Br{x)) JBrix) 



lirn — / < drp, drq > dm 
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Z(j), X, q) being defined in (3.7). Before proceeding with the discussions, let us briefly explain 
the meaning of the expression < dr^, dr^ > appearing in the last two formulas (for more 
details the interested reader may consult [10], [11] and [22]). 

Prom the works of Cheeger [10] and Cheeger-Colding [11] we know that (X, d, m, x), being 
a limit space as before, admits a cotangent bundle T*X endowed with a canonical scalar 
product (see Section 10 in [10] and Section 6 in [11]; for a brief survey see also Section 2 in 
[22]). The cotangent bundle T*X satisfies the following properties: 

1. T*X is a topological space. 

2. There exists a Borel map tt : T*X X such that m(X \ it{T*X)) = 0. 

3. 7r~^(x) is a finite-dimensional real vector space with a canonical scalar product < ., . >a; 
for every x G 7r(T*X). 

4. For every open subset U d X and every Lipschitz function / on there exist a Borel 
subset V C U, and a Borel map d/ (called the differential of f) from V to T*X such 
that m{U \V) = 0, 

TT o df{x) = X and |d/|(x) = \Df\{x) for every x eV, (3.9) 

where \v\{x) = \/'<^v^/v'>^ and \Df \ is the slope defined in (2.2). 

5. For every open subset U d X and every couple of Lipschitz functions /, g on U , called 
V C U with m{U \ V) = df, dg the differentials of / and g from V to T*X given 
by the previous point, the following holds: for every a, ^ G M the differential of the 
function af + fig is defined on V and moreover 

d(a/ + (3g){x) = adf(x) + I3dg{x) for every x & V. (3.10) 

Now we arc in position to prove an easy but fundamental lemma about the equivalence m-a.e. 
of the infinitesimal Hilbertian structure of Cheeger-Colding with the one of Definition 3.1. 
Recall that, being a limit space, (X, d,m) is Lipschitz-infinitesimally Hilbertian (see Remark 
3.4) so that for every /, 5 G LIP(X) we have 

Df ■Dg:=D+f{Vg) = D-f{Vg) = D+g{Vf) = D-g{Vf) m-a.e., (3.11) 

the object D^fiyg) being introduced in Definition 2.1. 

Lemma 3.7 (Equivalence of the infinitesimal Hilbertian structures). Let (X, d,m, x) he a 
m.m.s. as in (3.1) which moreover is a pointed measured- Gromov-Hausdorff limit space of 
a sequence of pointed complete n-dimensional Riemannian manifolds {{Mi,gi,Xi)}i^f^ with 
R'iC(jvf. p.) > — (n — 1). Then for every /, g : X — >• M locally Lipschitz it holds 

< df, dg >^= Df ■ Dg{x) for m-a.e. x G X. (3.12) 

Proof. For simplicity of notation let us prove the Lemma for /,g G LIP(X), for the general 

case the arguments arc analogous. By the property 4 of the cotangent bundle, given f,gG 
LIP(X) we know that there exist V C X with m(X \ F) = and df, dg differentials of / and 
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g from V to T*X satisfying (3.9). Up to a further m-negligible subset, we can assume that 
on V also the equahties (3.11) hold. So for every a; G F we have 

DJ.Dgix) = i^V(V,)(x)=l.minf™:±M^M_M^ 

£4-0 Z£ 

^ li^i^f W + eg)\\x)-W\\x) ^ ^.^.^^ Id/ + £d5p(x) - |d/p(x) 



£^0 2e £4.0 2e 

= < d/, d^r >a; , 

where the second equality is just Definition 2.1 with p = 2, the third equality comes from 
property 5 of T*X together with (3.9) applied to the functions / and / + eg, the fourth 
equality is a consequence of (3.10), and the last equality follows by the Hilbertianity of the 
norm, i.e. |d/p(a;) =< d/, d/ >x, stated in property 4 of T*X. □ 

In order to prove the equivalence of the definitions of the angles we need the following 
lemma (for the proof see Theorem 1.8 in [19]) 

Lemma 3.8 (Lebesgue's differentiation in doubling metric measure spaces). If f is a locally 
integrable function on a doubling m.m.s. {X,d,m), then 

lim — , „\ / f dm = f(x) for m-a.e. x E X. 

Now we are ready to prove the m-a.e. equivalence of the definitions of angles. 

Theorem 3.9 (m-a.e. equivalence of the definition of angles). Let (X, d,m, x) he a m.m.s. as 
in (3.1) which moreover is a pointed measured- Gromov-Hausdorff' limit space of a sequence 
of pointed complete n-dimensional Riemannian manifolds {(Mj, 5,, Xi)}^^^ with RiC(A^- > 
-(n-1). 

Then, fixed p, q £ X , for m-a.e. x G X\{p,q} our notion of angle ^pxq given in Definition 
2.3 coincides with the one of Honda given in (3.7).' 

^pxq = {^(p,a;,g)}. (3.13) 

Proof. It is well known that limit spaces are doubling on bounded subsets (a possible way 
to see this, maybe not the shortest, is that limit spaces are CD{K, N) for some i^, iV € M 
and then they are doubling by [31] Corollary 2.4), so the Lebesgue differentiation Lemma 3.8 
holds. 

Fix p,q e X. Combining Theorem 3.6 and formula (3.8), we get that for m-a.e. x G 
X \ {p,q} the "Honda"-angle Z{p,x,q) is given by the following expression 

cos{Z{p,x,q)) = \im / < drp,drq > dm. (3.14) 

r-s-O m[Br[X)) JBr{x) 

By the equivalence of the infinitesimal Hilbertian structures stated in Lemma 3.7, we also 
know that < drp, dvq >= Drp ■ Dvq m-a.e.; hence we can rewrite (3.14) as 

cos(Z(p, X, q)) = lim / Drp ■ Drg dm. 
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Prom (2.10) the function \Drp ■ Drq\ is bounded by 1 hence, being m locahy finite by assump- 
tion, locally integrable. By Lemma 3.8 and recalling the definition of angle cone (2.17) (see 
also (2.15) (2.16) and (3.11)) we finally obtain 

cos(Z(p, X, q)) = lim [ Dvp ■ Dvq dm = Dvp ■ Drq{x) = cos{Zpa:q), 

for m-a.e. x e X \ {p,q} as desired. □ 

Remark 3.10. Fix p,q E X. Let us remark that, even if by Theorem 3.13 our notion of angle 
is equivalent to the Honda's one for m-a.e. x e X, the latter does not work for x e CpU Cq-, 
on the contrary our Definition 2.3 permits to define an angle cone for every x E X, so in 
particular also for x & CpU Cq. ■ 



References 

[1] L. Ambrosio, M. Colombo and S. Di Marino, Sobolev spaces in metric measure 
spaces: reflexivity and lower semicontinuity of slope, preprint (2012). 

[2] L. Ambrosio, N. Gigli, A. Mondino and T. Rajala, Riemannian Ricci curvature 
lower bounds in metric measure spaces with a -finite measure, preprint, (2012). 

[3] L. Ambrosio and S. Di Marino, Equivalent definitions of BV space and of total 
variation on metric measure spaces, preprint, (2012). 

[4] L. Ambrosio, N. Gigli, A. Mondino and T. Rajala, Riemannian Ricci curva- 
ture lower hounds in metric measure spaces with a-finite measure. Submitted paper, 
arXiv: 1207.4924, (2012). 

[5] L. Ambrosio, N. Gigli and G. Savare, Calculus and heat flows in metric mea- 
sure spaces with Ricci curvature hounded from below, Submitted paper, arXiv: 1106.2090, 
(2011). 

[6] , Metric measure spaces with Riemannian Ricci curvature bounded from below, Sub- 
mitted paper, arXiv:1109.0222, (2011). 

[7] , Density of Lipschitz functions and equivalence of weak gradients in metric measure 

spaces. Preprint, (2011). Rev. Mat. Iberoamericana, to appear. 

[8] A. Bjorn and J. Bjorn , Nonlinear Potential Theory on Metric Spaces, Tracts in 
Math., Vol.17, Europ. Math. Soc, (2011). 

[9] D. Burago, Y. Burago and S. Ivanov, a course in metric geometry, Grad. Studies 
in Math., Vol.33, Americ. Math. Soc, (2001). 

[10] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. 
Punct. Anal., 9 (1999), 428-517. 

[11] J. Cheeger and T. Colding, On the structure of spaces with Ricci curvature bounded 
below III, J. Diff. Geom., 54 (2000), 37-74. 



17 



[12] T. COLDING AND A. Naber, Lower Ricci Curvature, Branching and Bi-Lipschitz Struc- 
ture of Uniform Reifenberg Spaces, http://arxiv.org/abs/llll.2184, preprint (2011). 

[13] M. DO Carmo, Riemannian Geometry Mathematics: Theory 8z apphcations. Birkauser 
Boston, Inc., Boston, MA, (1992). 

[14] Euclid, Euclid's Elements. All thirteen hooks complete in one volume. The Thomas L. 
Heath translation., Edited by Dana Densmore. Green Lion Press, Santa Fe, NM, (2002). 

[15] N. GiGLl, On the differential structure of metric measure spaces and applications, Sub- 
mitted paper, arXiv: 1205.6622, (2012). 

[16] N. GiGLl, The splitting theorem in non-smooth context, preprint, (2013). 

[17] N. GiGLi and a. Mondino, a PDE approach to nonlinear potential theory in metric 
measure spaces, preprint arXiv: 1209.3796, (2012), Journal de Math. Pures et Appl., to 
appear. 

[18] N. GiGLi, A. Mondino and G. Savare, On the notion of convergence of non- compact 
metric measure spaces and applications. Preprint, (2013). 

[19] J. Heinonen, Lectures on Analysis on Metric Spaces, Universitext, Springer, (2001). 

[20] J. Heinonen and P. Koskela, A note on Lipschitz functions, upper gradients, and 
the Poincare inequality. New Zealand J. Math., 28, (1999), 37-42. 

[21] D. HiLBERT, Foundations of geometry. Second edition. , Translated from the tenth Ger- 
man edition by Leo Unger, Open Court, LaSalle, (1971). 

[22] S . Honda, Ricci curvature and convergence of Lipschitz functions. Comm. Anal, and 
Geom. 19, 1, (2011), 79-158. 

[23] S. Honda, Bishop-Gromov type inequality on Ricci limit spaces, J. Math. Soc. Japan 
63, 2, (2011), 419-442. 

[24] S. Honda, A weakly second differentiable structure on rectifiable metric measure spaces, 
preprint, arXiv:1112.0099v2, (2012). 

[25] P. KoSKELA, Removable sets for Sobolev spaces, Ark. Mat., 37, (1999), 291-304. 

[26] K. KuwAE, Y. Machigashira and T. Shioya, Beginning of analysis on Alexandrov 
spaces, in Geometry and topology: Aarhus (1998), vol. 258 of Contemp. Math., Amer. 
Math. Soc, Providence, RI, (2000), 275-284. 

[27] C. Mantegazza and A.C. Mennucci, Hamilton- J acobi Equations and Distance Func- 
tions on Riemannian Manifolds, Appl. Math. Optim., 47, (2003), 1-25. 

[28] Y. Otsu and T. Schioya, The Riemannian structure of Alexandrov spaces, J. Diff. 
Geom., 39 (1994), 629-658. 

[29] G. Perelman, Dc structure on Alexandrov Space, Unpublished preprint, available online 
at http://www.math.psu.edu/petrunin/papers/alexandrov/Cstructure.pdf 



18 



[30] T. Rajala, Local Poincare inequalities from stable curvature conditions on metric 
spaces, Calc. Var. Partial Differential Equations, 44 (2012), 477-494. 



[31] K.T. Sturm, On the geometry of metric measure spaces. II, Acta Math., 196 (2006), 
133-177. 

[32] J.E. Valentine, Angles in metric spaces. The geometry of metric and linear spaces 
(Proc. Conf., Michigan State Univ., East Lansing, Mich., 1974), pp. 66—73. Lecture 
Notes in Math., Vol. 490, Springer, Berlin, (1975). 

[33] W.A. Wilson, On angles in certain metric spaces, Bull. Amer. Math. Soc, 38 , 8,(1932), 
580-588. 



19 



